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OBSTRUCTIONS TO CONFORMALLY EINSTEIN METRICS IN
n DIMENSIONS
A. ROD GOVER AND PAWE NUROWSKI
Abstrat. We onstrut polynomial onformal invariants, the vanishing of
whih is neessary and suient for an n-dimensional suitably generi (pseudo-
)Riemannian manifold to be onformal to an Einstein manifold. We also on-
strut invariants whih give neessary and suient onditions for a metri
to be onformally related to a metri with vanishing Cotton tensor. One set
of invariants we derive generalises the set of invariants in dimension four ob-
tained by Kozameh, Newman and Tod. For the onformally Einstein problem,
another set of invariants we onstrut gives neessary and suient onditions
for a wider lass of metris than overed by the invariants reently presented
by M. Listing. We also show that there is an alternative haraterisation of
onformally Einstein metris based on the trator onnetion assoiated with
the normal onformal Cartan bundle. This plays a key role in onstruting
some of the invariants. Also using this we an interpret the previously known
invariants geometrially in the trator setting and relate some of them to the
urvature of the Feerman-Graham ambient metri.
1. Introdution
The entral fous of this artile is the problem of nding neessary and suient
onditions for a Riemannian or pseudo-Riemannian manifold, of any signature and
dimension n ≥ 3, to be loally onformally related to an Einstein metri. In parti-
ular we seek invariants, polynomial in the Riemannian urvature and its ovariant
derivatives, that give a sharp obstrution to onformally Einstein metris in the
sense that they vanish if and only if the metri onerned is onformally related to
an Einstein metri. For example in dimension 3 it is well known that this problem
is solved by the Cotton tensor, whih is a ertain tensor part of the rst ovari-
ant derivative of the Rii tensor. So 3-manifolds are onformally Einstein if and
only if they are onformally at. The situation is signiantly more ompliated in
higher dimensions. Our main result is that we are able to solve this problem in all
dimensions and for metris of any signature, exept that the metris are required to
be non-degenerate in the sense that they are, what we term, weakly generi. This
means that, viewed as a bundle map TM → ⊗3TM , the Weyl urvature is inje-
tive. The results are most striking for Riemannian n-manifolds where we obtain a
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single trae-free rank two tensor-valued onformal invariant that gives a sharp ob-
strution. Setting this invariant to zero gives a quasi-linear equation on the metri.
Returning to the setting of arbitrary signature, we also show that a manifold is
onformally Einstein if and only if a ertain vetor bundle, the so-alled standard
trator bundle, admits a parallel setion. This powerful haraterisation of on-
formally Einstein metris is used to obtain the sharp obstrutions for onformally
Einstein metris in the general weakly generi pseudo-Riemannian and Riemannian
setting. It also yields a simple geometri derivation, and unifying framework, for
all the main theorems in the paper.
The study of onditions for a metri to be onformally Einstein has a long his-
tory that dates bak to the work of Brinkman [4, 5℄ and Shouten [28℄. Substantial
progress was made by Szekeres in the 1963 [29℄. He solved the problem on 4-
manifolds, of signature −2, by expliitly desribing invariants that provide a sharp
obstrution. However his approah is based on a spinor formalism and is diult to
analyse when translated into the equivalent tensorial piture. In the 1980's Koza-
meh, Newman and Tod (KNT) [18℄ found a simpler set of onditions. While their
onstrution was based on Lorentzian 4-manifolds the invariants obtained provide
obstrutions in any signature. However these invariants only give a sharp obstru-
tion to onformally Einstein metris if a speial lass of metris is exluded (see
also [19℄ for the reformulation of the KNT result in terms of the Cartan normal
onformal onnetion). Baston and Mason [3℄ proposed another pair of onfor-
mally invariant obstrution invariants for 4-manifolds. However these give a sharp
obstrution for a smaller lass of metris than the KNT system (see [1℄).
One of the invariants in the KNT system is the onformally invariant Bah
tensor. In higher even dimensions there is an interesting higher order analogue of
this trae-free symmetri 2-tensor due to Feerman and Graham and this is also
an obstrution to onformally Einstein metris [11, 16, 17℄. This tensor arises as an
obstrution to their ambient metri onstrution. It has a lose relationship to some
of the onstrutions in this artile, but this is desribed in [16℄. Here we fous on
invariants whih exist in all dimensions. Reently Listing [20℄ made a substantial
advane. He desribed a trae-free 2-tensor that gives, in dimensions n ≥ 4, a
sharp obstrution for onformally Einstein metris, subjet to the restrition that
the metris are what he terms nondegenerate. This means that the Weyl urvature
is maximal rank as a map Λ2TM → Λ2TM . In this paper metris satisfying this
non-degeneray ondition are instead termed Λ2-generi.
Following some general bakground, we show in Setions 2.3 and 2.4 that it is
possible to generalise to arbitrary dimension n ≥ 4 the development of KNT. This
ulminates in the onstrution of a pair of (pseudo-)Riemannian invariants F 1abc and
F 2ab whose vanishing is neessary and suient for the manifold to be onformally
Einstein provided we exlude a small lass of metris (but the lass is larger than
the lass failing to be Λ2-generi). See theorem 2.3. These invariants are natural
in the sense that they are given by a metri partial ontration polynomial in the
Riemannian urvature and its ovariant derivatives. F 1 is onformally ovariant
and F 2 is onformally ovariant on metris for whih F 2 vanishes. Thus together
they form a onformally ovariant system.
In Setion 2.5 we show that very simple ideas reveal new onformal invariants
that are more eetive than the system F 1 and F 2 in the sense that they give sharp
obstrutions to onformal Einstein metris on a wider lass of metris. Here the
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broad treatment is based on the assumption that the metris are weakly generi
as dened earlier. This is a stritly weaker restrition than requiring metris to
be Λ2-generi; any Λ2-generi metri is weakly generi but in general the onverse
fails to be true. One of the main results of the paper is Theorem 2.8 whih gives
a natural onformally invariant trae-free 2-tensor whih gives a sharp obstrution
for onformally Einstein metris on weakly generi Riemannian manifolds. Thus in
the Riemannian setting this improves Listing's results. In Riemannian dimension 4
there is an even simpler obstrution, see Theorem 2.9, but an equivalent result is in
[20℄. In Theorem 2.10 we also reover Listing's main results for Λ2-generi metris
as speial ase of the general setup. In all ases the invariants give quasi-linear
equations. The results mentioned are derived from the general result in Proposition
2.7. We should point out that while this Proposition does not in general lead to
natural obstrutions, in many pratial situations, for example if a metri is given
expliitly in terms of a basis eld, this would still provide an eetive route to
testing whether or not a metri is onformally Einstein, sine a hoie of tensor D˜
an easily be desribed. (See the nal remark at the end of Setion 2.5.)
In setion 2.5 we also pause, in Proposition 2.5 and Theorem 2.6, to observe some
sharp obstrutions to metris being onformal to a metri with vanishing Cotton
tensor. We believe these should be of independent interest. Sine the vanishing
of the Cotton tensor is neessary but not suient for a metri to be Einstein, it
seems that the Cotton tensor ould play a role in setting up problems where one
seeks metris suitably lose to being Einstein or onformally Einstein.
In Setion 3, following some bakground on trator alulus, we give the hara-
terisation of onformally Einstein metris as exatly those for whih the standard
trator bundle admits a (suitably generi) parallel setion. The standard (on-
formal) trator bundle is an assoiated struture to the normal Cartan onformal
onnetion. The derivations in Setion 2 are quite simple and use just elementary
tensor analysis and Riemannian dierential geometry. However they also appear ad
ho. We show in Setion 3 that the onstrutions and invariants of Setion 2 have
a natural and unifying geometri interpretation in the trator/Cartan framework.
This easily adapts to yield new haraterisations of onformally Einstein metris,
see Theorem 3.4. From this we obtain, in Corollary 3.5, obstrutions for onfor-
mally Einstein metris that are sharp for weakly generi metris of any signature.
Thus these also improve on the results in [20℄.
We believe the development in Setion 3 should have an important role in sug-
gesting how an analogous programme ould be arried out for related onformal
problems as well as analogues on, for example, CR strutures where the stru-
ture and trator alulus is very similar. We also use this mahinery to show that
the system F 1, F 2 has a simple interpretation in terms of the urvature of the
Feerman-Graham ambient metri.
Finally in Setion 4 we disuss expliit metris to shed light on the invariants
onstruted and their appliability. This inludes examples of lasses metris whih
are weakly generi but not Λ2-generi. Also here, as an example use of the ma-
hinery on expliit metris, we identify the onformally Einstein metris among a
speial lass of Robinson-Trautman metris.
The authors wish to thank Ruibin Zhang, Paul-Andi Nagy andMihael Eastwood
for very helpful disussions.
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2. Conformal haraterisations via tensors
In this setion we use standard tensor analysis on (pseudo-)Riemannian mani-
folds to derive sharp obstrutions to onformally Einstein metris.
2.1. Basi (pseudo-)Riemannian objets. Let M be a smooth manifold, of
dimension n ≥ 3, equipped with a Riemannian or pseudo-Riemannian metri gab.
We employ Penrose's abstrat index notation [26℄ and indies should be assumed
abstrat unless otherwise indiated. We write Ea to denote the spae of smooth
setions of the tangent bundle onM , and Ea for the spae of smooth setions of the
otangent bundle. (In fat we will often use the same symbols for the orresponding
bundles, and also in other situations we will often use the same symbol for a given
bundle and its spae of smooth setions, sine the meaning will be lear by ontext.)
We write E for the spae of smooth funtions and all tensors onsidered will be
assumed smooth without further omment. An index whih appears twie, one
raised and one lowered, indiates a ontration. The metri gab and its inverse g
ab
enable the identiation of Ea and Ea and we indiate this by raising and lowering
indies in the usual way.
The metri gab denes the Levi-Civita onnetion ∇a with the urvature tensor
Rabcd given by
(∇a∇b −∇b∇a)V c = R cabdV d where V c ∈ Ec.
This an be deomposed into the totally trae-free Weyl urvature Cabcd and the
symmetri Shouten tensor Pab aording to
Rabcd = Cabcd + 2gc[aPb]d + 2gd[bPa]c.
Thus Pab is a trae modiation of the Rii tensor Rab = Rca
c
b:
Rab = (n− 2)Pab + Jgab, J := Paa.
Note that the Weyl tensor has the symmetries
Cabcd = C[ab][cd] = Ccdab, C[abc]d = 0.
where we have used the square brakets to denote the antisymmetrisation of the
indies.
We reall that the metri gab is an Einstein metri if the trae free part of the
Rii tensor vanishes. This ondition, when written in terms of the Shouten tensor,
is given by
Pab − 1
n
Jgab = 0.
In the following we will also need the Cotton tensor Aabc and the Bah tensor Bab.
These are dened by
(2.1) Aabc := 2∇[bPc]a
and
(2.2) Bab := ∇cAacb + PdcCdacb.
It is straightforward to verify that the Bah tensor is symmetri. From the on-
trated Bianhi identity ∇aPab = ∇bJ it follows that the Cotton tensor is totally
trae-free. Using this, and that the Weyl tensor is trae-free, it follows that the
Bah tensor is also trae-free.
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Let us adopt the onvention that sequentially labelled indies are impliitly
skewed over. For example with this notation the Bianhi symmetry is simply
Ra1a2a3b = 0. Using this symmetry and the denition (2.1) of Aba1a2 we obtain a
useful identity
(2.3) ∇a1Aba2a3 = Pa1cCa2a3bc.
Further important identities arise from the Bianhi identity ∇a1Ra2a3de = 0:
(2.4) ∇a1Ca2a3cd = gca1Ada2a3 − gda1Aca2a3 .
(2.5) (n− 3)Aabc = ∇dCdabc
(2.6) ∇aPab = ∇bJ
(2.7) ∇aAabc = 0.
2.2. Conformal properties and naturality. Metris gab and ĝab are said to be
onformally related if
(2.8) ĝab = e
2Υgab, Υ ∈ E ,
and the replaement of gab with ĝab is termed a onformal resaling. Conformal
resaling in this way results in a onformal transformation of the Levi-Civita on-
netion. This is given by
(2.9) ∇̂aub = ∇aub −Υaub −Υbua + gabΥcuc
for a 1-form ub. The onformal transformation of the Levi-Civita onnetion on
other tensors is determined by this, the duality between 1-forms and tangent elds,
and the Leibniz rule.
A tensor T (with any number of ovariant and ontravariant indies) is said to
be onformally ovariant (of weight w) if, under a onformal resaling (2.8) of the
metri, it transforms aording to
T 7→ T̂ = ewΥT,
for some w ∈ R. We will say T is onformally invariant if w = 0. We are par-
tiularly interested in natural tensors with this property. A tensor T is natural if
there is an expression for T whih is a metri partial ontration, polynomial in the
metri, the inverse metri, the Riemannian urvature and its ovariant derivatives.
The weight of a onformally ovariant depends on the plaement of indies. It
is well known that the Cotton tensor in dimension n = 3 and the Weyl tensor in
dimension n ≥ 3 are onformally invariant with their natural plaement of indies,
i.e. Âabc = Aabc and Ĉab
c
d = Cab
c
d. In dimension n ≥ 4, vanishing of the Weyl
tensor is equivalent to the existene of a sale Υ suh that the transformed metri
ĝab = e
2Υgab is at (and so if the Weyl tensor vanishes we say the metri is on-
formally at). In dimension n = 3 the Weyl tensor vanishes identially. In this
dimension gab is onformally at if and only if the Cotton tensor vanishes.
An example of tensor whih fails to be onformally ovariant is the Shouten
tensor. We have
(2.10) Pab → P̂ab = Pab −∇aΥb +ΥaΥb − 1
2
ΥcΥ
cgab,
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where
Υa = ∇aΥ.
Thus the property of the metri being Einstein is not onformally invariant. A
metri gab is said to be onformally Einstein if there exists a onformal sale Υ
suh that ĝab = e
2Υgab is Einstein.
For natural tensors the property of being onformally ovariant or invariant
may depend on dimension. For example it is well known that the Bah tensor is
onformally ovariant in dimension 4. In other dimensions the Bah tensor fails to
be onformally ovariant.
2.3. Neessary onditions for onformally Einstein metris. Suppose that
gab is onformally Einstein. As mentioned above this means that there exists a sale
Υ suh that the Rii tensor, or equivalently the Shouten tensor for ĝab := e
2Υgab,
is pure trae. That is
P̂ab − 1
n
Ĵĝab = 0.
This equation, when written in terms of Levi-Civita onnetion ∇ and Shouten
tensor Pab assoiated with gab reads,
(2.11) Pab −∇aΥb +ΥaΥb − 1
n
Tgab = 0,
where
T = J−∇aΥa +ΥaΥa.
Conversely if there is a gradient Υa = ∇aΥ satisfying (2.11) then ĝab := e2Υgab is
an Einstein metri. Thus, with the understanding that Υa = ∇aΥ, (2.11) will be
termed the onformal Einstein equations. There exists a smooth funtion Υ solving
these if and only if the metri g is onformally Einstein.
To nd onsequenes of these equations we apply ∇c to both sides of (2.11) and
then antisymmetrise the result over the {ca} index pair. Using that the both the
Weyl tensor and the Cotton tensor are ompletely trae-free this leads to the rst
integrability ondition whih is
Aabc +Υ
dCdabc = 0.
Now taking ∇c of this equation, using the denition of the Bah tensor (2.2), the
identity (2.5), and again this last displayed equation, we get
Bab + P
dcCdabc − (∇cΥd − (n− 3)ΥdΥc)Cdabc = 0.
Eliminating ∇cΥd by means of the Einstein ondition (2.11) yields a seond inte-
grability ondition:
Bab + (n− 4)ΥdΥcCdabc = 0.
Summarising we have the following proposition.
Proposition 2.1. If gab is a onformally Einstein metri then the orresponding
Cotton tensor Aabc and the Bah tensor Bab satisfy the following onditions
(2.12) Aabc +Υ
dCdabc = 0,
and
(2.13) Bab + (n− 4)ΥdΥcCdabc = 0.
for some gradient
Υd = ∇dΥ.
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Here Υ is a funtion whih onformally resales the metri gab to an Einstein
metri ĝab = e
2Υgab.
Remarks
• Note that in dimension n = 3 the rst integrability ondition (2.12) redues
to Aabc = 0 and the Weyl urvature vanishes. Thus, in dimension n = 3,
if (2.12) holds then (2.13) is automatially satised and the onformally
Einstein metris are exatly the onformally at metris. The vanishing of
the Cotton tensor is the neessary and suient ondition for a metri to
satisfy these equivalent onditions. This well known fat solves the problem
in dimension n = 3. Therefore, for the remainder of Setion 2 we will
assume that n ≥ 4.
• In dimension n = 4 the seond integrability ondition redues to the on-
formally invariant Bah equation:
(2.14) Bab = 0.
2.4. Generalising the KNT haraterisation. Here we generalise to dimension
n ≥ 4 the haraterisation of onformally Einstein metris given by Kozameh,
Newman and Tod [18℄. Our onsiderations are loal and so we assume, without loss
of generality, that M is oriented and write ǫ for the volume form. Given the Weyl
tensor Cabcd of the metri gab, we write C
∗
b1···bn−2cd
:= ǫb1···bn−2
a1a2Ca1a2cd. Note
that this is ompletely trae-free due to the Weyl Bianhi symmetry Ca1a2a3b = 0.
Consider the equations
(2.15) CabcdF
ab = 0,
(2.16) CabcdH
bd = 0,
and
(2.17) C∗b1···bn−2cdH
b1d = 0,
for a skew symmetri tensor F ab and a symmetri trae-free tensor Hab. We say
that the metri gab is generi if and only if the only solutions to equations (2.15),
(2.16) and (2.17) are F ab = 0 and Hab = 0. Oasionally we will be interested in
the superlass of metris for whih (2.15) has only trivial solutions but for whih
we make no assumptions about (2.16) and (2.17); we will all these Λ2-generi
metris. That is, a metri is Λ2-generi if and only if the Weyl urvature is injetive
(equivalently, maximal rank) as a bundle map Λ2TM → Λ2TM . Let ||C|| be the
natural onformal invariant whih is the pointwise determinant of the map
(2.18) C : Λ2T ∗M → Λ2T ∗M,
given byWab 7→ CabcdWcd and write C˜abcd for the tensor eld whih is the pointwise
adjugate (i.e. matrix of ofators) of the Weyl urvature tensor, viewed as an
endomorphism in this way. Then
C˜ abef C
cd
ab = ||C||δ[c[eδ
d]
f ]
and if g is a Λ2-generi metri then ||C|| 6= 0 and we have
(2.19) ||C||−1C˜ abef C cdab = δ[c[eδ
d]
f ].
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For later use note that it is easily veried that C˜abcd is natural (in fat simply
polynomial in the Weyl urvature) and onformally ovariant.
For the remainder of this subsetion we onsider only generi metris, exept
where otherwise indiated. In this setting, we will prove that the following two
onditions are equivalent:
(i) The metri gab is onformally Einstein.
(ii) There exists a vetor eld Ka on M suh that the following onditions [C℄
and [B℄ are satised:
Aabc +K
dCdabc = 0 [C]
Bab + (n− 4)KdKcCdabc = 0. [B]
Adapting a tradition from the General Relativity literature (originating in [29℄),
we all a manifold for whih the metri gab admits K
a
suh that ondition [C℄ is
satised a onformal C-spae.
We rst note that if a generi metri satises ondition [C℄ then the eld Kd
must be a gradient. To see this take ∇a of equation [C℄. This gives
∇aAabc + Cdabc∇aKd + (n− 3)KaKdCadbc = 0,
where, in the last term, we have used identity (2.5) and eliminated Adbc via [C℄.
The last term in this expression obviously vanishes identially. On the other hand
the rst term also vanishes, beause of identity (2.7). Thus a simple onsequene
of equation [C℄ is Cdabc∇aKd = 0. Thus, sine the metri is generi (in fat for this
result we only need that it is Λ2-generi), we an onlude that
∇[aKd] = 0.
Therefore, at least loally, there exists a funtion Υ suh that
(2.20) Kd = ∇dΥ.
Thus, we have shown that our onditions [C℄, [B℄ are equivalent to the neessary
onditions (2.12), (2.13) for a metri to be onformally Einstein.
To prove the suieny we rst take ∇c of [C℄. This, after using the identity
(2.5) and the denition of the Bah tensor (2.2), takes the form
Bab + P
dcCdabc − Cdabc∇cKd + (n− 3)KdKcCdabc = 0.
Now, subtrating from this equation our seond ondition [B℄ we get
(2.21) Cdabc(P
dc −∇cKd +KdKc) = 0.
Next we dierentiate equation [C℄ and skew to obtain
∇a1Aca2a3 − Ca2a3cd∇a1Kd −Kd∇a1Ca2a3cd = 0.
Then using (2.3), the Weyl Bianhi identity (2.4), and [C℄ one more we obtain
Ca2a3cd(Pa1
d −∇a1Kd +Ka1Kd) = 0
or equivalently
(2.22) C∗b1···bn−2cd(P
b1d −∇b1Kd +Kb1Kd) = 0
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But this ondition and (2.21) together imply that P
dc −∇cKd +KdKc must be a
pure trae, due to (2.16) and (2.17). Thus,
P
dc −∇cKd +KdKc = 1
n
Tgcd.
This, when ompared with our previous result (2.20) onKa, and with the onformal
Einstein equations (2.11), shows that our metri an be saled to the Einstein metri
with the funtion Υ dened by (2.20). This proves the following theorem.
Theorem 2.2. A generi metri gab on an n-manifold M is onformally Einstein
if and only if its Cotton tensor Aabc and its Bah tensor Bab satisfy
Aabc +K
dCdabc = 0 [C]
Bab + (n− 4)KdKcCdabc = 0 [B]
for some vetor eld Ka on M .
We will show below, and in the next setion that [C℄ is onformally invariant and
that, while [B℄ is not onformally invariant, the system [C℄, [B℄ is. In partiular [B℄
is onformally invariant for metris satisfying [C℄, the onformal C-spae metris.
Next note that, although we settled dimension 3 earlier, the above theorem also
holds in that ase sine the Weyl tensor vanishes identially and the Bah tensor is
just a divergene of the Cotton tensor. In other dimensions we an easily eliminate
the undetermined vetor eld Kd from this theorem. Indeed, using the tensor
||C||−1C˜ bced of (2.19) and applying it on the ondition [C℄ we obtain
||C||−1C˜ bced Aabc +
1
2
(Kegda −Kdgea) = 0.
By ontrating over the indies {ea}, this gives
(2.23) Kd =
2
1− n ||C||
−1C˜dabcAabc.
Inserting (2.23) into the equations [C℄ and [B℄ of Theorem 2.2, we may reformu-
late the theorem as the observation that a generi metri gab on a n-manifold M
(where n ≥ 4) is onformally Einstein if and only if its Cotton tensor Aabc and its
Bah tensor Bab satisfy
(1− n)Aabc + 2||C||−1CdabcC˜defgAefg = 0 [C′]
and
(n− 1)2Bab + 4(n− 4)||C||−2C˜defgCdabcC˜chklAefgAhkl = 0. [B′]
These are equivalent to onditions polynomial in the urvature. Multiplying the
left hand sides of [C
′
℄ and [B
′
℄ by, respetively, ||C|| and ||C||2 we obtain natural
(pseudo-)Riemannian invariants whih are obstrutions to a metri being onfor-
mally Einstein,
F 1abc := (1− n)||C||Aabc + 2CdabcC˜defgAefg
and
F 2ab = (n− 1)2||C||2Bab + 4(n− 4)C˜defgCdabcC˜chklAefgAhkl.
By onstrution the rst of these is onformally ovariant (see below), the seond
tensor is onformally ovariant for metris suh that F 1abc = 0, and we have the
following theorem.
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Theorem 2.3. A generi metri gab on an n-manifold M (where n ≥ 4) is on-
formally Einstein if and only if the natural invariants F 1abc and F
2
ab both vanish.
Remarks
• In dimension n = 4 there exist examples of metris satisfying the Bah
equations [B℄ and not being onformally Einstein (see e.g. [23℄). In higher
dimensions it is straightforward to write down generi Riemannian met-
ris whih, at least at a formal level, have vanishing Bah tensor but for
whih the Cotton tensor is non-vanishing. Thus the integrability ondition
[B℄ does not sue to guarantee the onformally Einstein property of the
metri. In Setion 4 we disuss an example of speial Robinson-Trautman
metris, whih satisfy the ondition [C℄ and do not satisfy [B℄. (These are
generi.) Thus ondition [C℄ alone is not suient to guarantee the onfor-
mal Einstein property.
• The development above parallels and generalises the tensor treatment in
[18℄ whih is based in dimension 4. It should be pointed out however that
there are some simpliations in dimension 4. Firstly F 2ab simplies to
9||C||2Bab. It is thus sensible to use the onformally invariant Bah tensor
Bab as a replaement for F
2
in dimension 4. Also note, from the devel-
opment in [18℄, that the onditions that a metri gab be generi may be
haraterised in a partiularly simple way in Lorentzian dimension four. In
this ase they are equivalent to the non-vanishing of at least one of the
following two quantities,
C3 := CabcdC
cd
efC
efab or ∗ C3 := ∗Cabcd ∗ Ccdef ∗ Cefab,
where ∗Cabcd = C∗abcd = ǫabefCefcd.
2.5. Conformal invariants giving a sharp obstrution. We will show in the
next setion that the system [C℄, [B℄ has a natural and valuable geometri inter-
pretation. However its value, or the equivalent obstrutions F 1 and F 2, as a test
for onformally Einstein metris is limited by the requirement that the metri is
generi. Many metris fail to be generi. For example in the setting of dimension 4
Riemannian strutures any selfdual metri fails to be generi (and even fails to be
Λ2-generi), sine any anti-selfdual two form is a solution of (2.15); at eah point
the solution spae of (2.15) is at least three dimensional (see setion 4.3 for an
expliit Rii-at example of this type). In the remainder of this setion we show
that there are natural onformal invariants that are more eetive, for deteting
onformally Einstein metris, than the pair F 1 and F 2.
Let us say that a (pseudo-)Riemannian manifold is weakly generi if the only
solution V d to
(2.24) CabcdV
d = 0
is V d = 0. From (2.19) it is immediate that all Λ2-generi spaes are weakly generi
and hene all generi spaes are weakly generi. Via elementary multilinear algebra
one an show that on weakly generi manifolds there is a tensor eld D˜abc
d
with
the property that
D˜acd
eCbc
d
e = −δab .
Of ourse D˜abc
d
is not uniquely determined by this property. However in many
settings there is a anonial hoie. For example in the ase of Riemannian signature
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g is weakly generi if and only if Lab := C
acdeCbcde is invertible. Let us write L˜
a
b for
the tensor eld whih is pointwise adjugate of Lab . L˜
a
b is given by a formula whih
is a partial ontration polynomial (and homogeneous of degree 2n−2) in the Weyl
urvature and for any struture we have
L˜abL
b
c = ||L||δac ,
where ||L|| denotes the determinant of Lab . Let us dene
Dacde := −L˜abCbcde
Then Dacde is a natural onformal ovariant dened on all strutures. On weakly
generi Riemannian strutures, or pseudo-Riemannian strutures where we have
||L|| 6= 0, there is a anonial hoie for D˜, viz.
(2.25) D˜acde := ||L||−1Dacde = −||L||−1L˜abCbcde.
On the other hand if g is Λ2-generi we may take
(2.26) D˜acde :=
2
1− n ||C||
−1C˜acde.
as was done impliitly in the previous setion. Reall C˜acd
e
is onformally invariant
and natural. The examples (2.25) and (2.26) are partiularly important sine they
are easily desribed and apply to any dimension (greater than 3). However in a
given dimension there are many other possibilities whih lead to formulae of lower
polynomial order if we know, or are prepared to insist that, ertain invariants are
non-vanishing (see [10℄ for a disussion in the ontext of Λ2-generi strutures). For
example in the setting of dimension 4 and Lorentzian signature, Λ2-generi implies
C3 = Cab
cdCcd
efCef
ab 6= 0 and then one may take D˜acde = CdefgCfgca/C3 f.
[18℄. In any ase let us x some hoie for D˜. Note that sine the Weyl urvature
Cbc
d
e for a metri g is the same as the Weyl tensor for a onformally related metri
ĝ, it follows that we an (and will) use the same tensor eld D˜abc
d
for all metris
in the onformal lass.
For weakly generi manifolds it is straightforward to give a onformally invariant
tensor that vanishes if and only if the manifold is onformally Einstein. For the
remainder of this setion we assume the manifold is weakly generi.
We have observed already that the onformally Einstein manifolds are a sublass
of onformal C-spaes. Reall that a onformal C-spae is a (pseudo-)Riemannian
manifold whih admits a 1-form eld Ka whih solves the equation [C℄:
Aabc +K
dCdabc = 0.
If Kd1 and K
d
2 are both solutions to [C℄ then, evidently, (K
d
1 −Kd2 )Cdabc = 0. Thus,
if the manifold is weakly generi, Kd1 = K
d
2 . In fat if Kd is a solution to [C℄ then
learly
(2.27) Kd = D˜d
abcAabc,
whih also shows that at most one vetor eld Kd solves [C℄ on weakly generi man-
ifolds. From either result, ombined with the observations that the Cotton tensor
is preserved by onstant onformal metri resalings and that onstant onformal
resalings take Einstein metris to Einstein metris, gives the following results.
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Proposition 2.4. On a manifold with a weakly generi metri g, the equation [C℄
has at most one solution for the vetor eld Kd.
Either there are no metris, onformally related to g, that have vanishing Cotton
tensor or the spae of suh metris is one dimensional. Either there are no Einstein
metris, onformally related to g, or the spae of suh metris is one dimensional.
If g is a metri with vanishing Cotton tensor we will say this is a C-spae sale.
Now, for an alternative view of onformal C-spaes, we may take (2.27) as the
denition of Kd. Note then that from (2.10), a routine alulation shows that
Âabc = Aabc + Υ
kCkabc, and so (using the onformal invariane of D˜d
abc
) Kd =
D˜d
abcAabc has the onformal transformation
K̂d = Kd −Υd,
where Âabc and K̂d are alulated in terms of the metri ĝ = e
2Υg and Υa = ∇aΥ.
Thus Aabc+K
dCdabc is onformally invariant. From proposition 2.4 and (2.27) this
tensor is a sharp obstrution to onformal C-spaes in the following sense.
Proposition 2.5. A weakly generi manifold is a onformal C-spae if and only if
the onformal invariant
Aabc + D˜
dijkAijkCdabc
vanishes.
In any ase where D˜dijk is given by a Riemannian invariant formulae rational
in the urvature and its ovariant derivatives (e.g. g is of Riemannian signature,
or that g is Λ2-generi) we an multiply the invariant here by an appropriate poly-
nomial invariant to obtain a natural onformal invariant. Indeed, in the setting of
Λ2-generi metris, the invariant F 1abc (from setion 2.4) is an example. Sine, on
Λ2-generi manifolds, the vanishing of F 1abc implies that (2.23) is loally a gradient,
we have the following theorem.
Theorem 2.6. For a Λ2-generi Riemannian or pseudo-Riemannian metri g the
onformal ovariant F 1abc,
(1− n)||C||Aabc + 2CdabcC˜defgAefg
vanishes if and only if g is onformally related to a Cotton metri (i.e. a metri ĝ
suh that its Cotton tensor vanishes, Âabc = 0).
In the ase of Riemannian signature Λ2-generi metris we may replae the onfor-
mal invariant F 1abc in the theorem with the onformal invariant,
(2.28) ||L||Aabc − CefghAfghL˜deCdabc n ≥ 4.
In dimension 4 there is an even simpler invariant. Note that in dimension 4 we
have
(2.29) 4CabcdCabce = |C|2δde
where |C|2 := CabcdCabcd and so L is a multiple of the identity. Eliminating, from
(2.28), the fator of (|C|2)3 and a numerial sale we obtain the onformal invariant
|C|2Aabc − 4CdefgAefgCdabc n = 4,
whih again an be used to replae F 1abc in the theorem for dimension 4 Λ
2
-generi
metris.
We an also haraterise onformally Einstein spaes.
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Proposition 2.7. A weakly generi metri g is onformally Einstein if and only
if the onformally invariant tensor
Eab := Trae-free
[
Pab −∇a(D˜bcdeAcde) + D˜aijkAijkD˜bcdeAcde
]
vanishes.
Proof: The proof that Eab is onformally invariant is a simple alulation using
(2.10) and the transformation formula for Kd = D˜d
abcAabc.
If g is onformally Einstein then there is a gradient Υa suh that
Trae-free
[
Pab −∇aΥb +ΥaΥb
]
= 0.
From Setion 2.3 this implies Υa solves the C-spae equation (see (2.12)) and hene,
from (2.27), Υa = D˜aijkA
ijk
, and so Eab = 0.
Conversely suppose that Eab = 0. Then the skew part of Eab vanishes and sine
Pab and D˜aijkA
ijkD˜bcdeA
cde
are symmetri we onlude that D˜bcdeA
cde
is losed
and hene, loally at least, is a gradient. 
Now suppose ||L|| 6= 0 and take D˜abcd to be given as in (2.25). Note that sine
Eab is onformally invariant it follows that ||L||2Eab is onformally invariant. This
expands to
Gab := Trae-free
[||L||2Pab − ||L||∇a(DbcdeAcde)+
(∇a||L||)(DbcdeAcde) +DaijkAijkDbcdeAcde
]
.
This is natural by onstrution. Sine it is given by a universal polynomial formula
whih is onformally ovariant on strutures for whih ||L|| is non-vanishing, it
follows from an elementary polynomial ontinuation argument that it is onformally
ovariant on any struture. Note ||L|| is a onformal ovariant of weight −4n. Thus
we have the following theorem on manifolds of dimension n ≥ 4.
Theorem 2.8. The natural invariant Gab is a onformal ovariant of weight −8n.
A manifold with a weakly generi Riemannian metri g is onformally Einstein if
and only if Gab vanishes. The same is true on pseudo-Riemannian manifolds where
the onformal invariant ||L|| is non-vanishing.
Reall that in dimension 4 we have the identity (2.29). Thus ||L|| 6= 0 if and
only if |C|2 6= 0 and we obtain a onsiderable simpliation. In partiular the
invariant Gab has an overall fator of (|C|2)6 that we may divide out and still
have a natural onformal invariant. This orresponds to taking (|C|2)2Eab with
D˜abcd = − 4|C|2Cabcd. Hene we have a simplied obstrution as follows.
Theorem 2.9. The natural invariant
Trae-free
[
(|C|2)2Pab + 4|C|2∇a(CbcdeAcde)− 4CbcdeAcde∇a|C|2 + 16CaijkAijkCbcdeAcde
]
is onformally ovariant of weight −8.
A 4-manifold with |C|2 nowhere vanishing is onformally Einstein if and only if
this invariant vanishes.
In the ase of Riemannian 4-manifolds, requiring |C|2 non-vanishing is the same
as requiring the manifold to be weakly generi. In this setting this is a very mild
assumption; note that |C|2 = 0 at p ∈ M if and only if Cabcd = 0 at p (and so the
manifold is onformally at at p).
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Note also that if we denote by Fab the natural invariant in the Theorem then on
Riemannian 4 manifolds the (onformally ovariant) salar funtion FabF
ab
is an
equivalent sharp obstrution to the manifold being onformally Einstein.
Now suppose we are in the setting of Λ2-generi strutures (of any xed sig-
nature). Then Eab is well dened and onformally invariant with D˜abcd given by
(2.26). Thus again by polynomial ontinuation we an onlude that the natural
invariant obtained by expanding ||C||2Eab, viz.
G¯ab :=
Trae-free
[
(1 − n)2||C||2Pab − 2(1− n)||C||∇a(C˜bcdeAcde)+
2(1− n)(∇a||C||)(C˜bcdeAcde) + 4C˜aijkAijkC˜bcdeAcde
]
.
is onformally ovariant on any struture (i.e. not neessarily Λ2-generi). Thus we
have the following theorem on manifolds of dimension n ≥ 4.
Theorem 2.10. The natural invariant G¯ab is a onformal ovariant of weight
2n(1 − n). A manifold with a Λ2-generi metri g is onformally Einstein if and
only if G¯ab vanishes.
We should point out that there is further sope, in eah spei dimension,
to obtain simpliations and improvements to Theorems 2.8 and 2.10 along the
lines of Theorem 2.9. For example in dimension 4 the omplete ontration C3 =
Cab
cdCcd
efCef
ab
, mentioned earlier, is a onformal ovariant whih is independent
of |C|2 (see e.g. [25℄). Thus on pseudo-Riemannian strutures this may be non-
vanishing when |C|2 = 0. There is the identity
4Cjb
cdCcd
efCef
ib = δijCab
cdCcd
efCef
ab
and this may be used to onstrut a formula for D˜ (and then Kd via (2.23)) alter-
native to (2.25) and (2.26). (See [18℄ for this and some other examples.)
Finally note that although generally we need to make some restrition on the
lass of metris to obtain a anonial formula for D˜bcde in terms of the urvature,
in other irumstanes it is generally easy to make a hoie and give a desription
of a D˜. For example in a non-Riemannian setting one an alulate in a xed loal
basis eld and artiially nominate a Riemannian signature metri. Using this to
ontrat indies of the Weyl urvature (given in the set basis eld) one an then
use the formula for L and then D. In this way Proposition 2.7 is an eetive and
pratial means of testing for onformally Einstein metris, among the lass weakly
generi metris, even when it does not lead to a natural invariant.
3. A geometri derivation and new obstrutions
The derivation of the system of theorem 2.2 appears ad ho. We will show that
in fat [C℄ and [B℄ are two parts (or omponents) of a single onformal equation
that has a simple and lear geometri interpretation. This onstrution then easily
yields new obstrutions. This is based on the observation that onformally Einstein
manifolds may be haraterised as those admitting a parallel setion of a ertain
vetor bundle. The vetor bundle onerned is the (standard) onformal trator
bundle. This bundle and its anonial onformally invariant onnetion are asso-
iated strutures for the normal onformal Cartan onnetion of [9℄. The initial
development of the alulus assoiated to this bundle dates bak to the work of
T.Y. Thomas [30℄ and was reformulated and further developed in a modern setting
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in [2℄. For a omprehensive treatment exposing the onnetion to the Cartan bun-
dle and relating the onformal ase to the wider setting of paraboli strutures see
[7, 6℄. The alulational tehniques, onventions and notation used here follow [15℄
and [14℄.
3.1. Conformal geometry and trator alulus. We rst introdue some of
the basi objets of onformal trator alulus. It is useful here to make a slight
hange of point of view. Rather than take as our basi geometri struture a Rie-
mannian or pseudo-Riemannian struture we will take as our basi geometry only
a onformal struture. This simplies the formulae involved and their onformal
transformations. It is also a oneptually sound move sine onformally invariant
operators, tensors and funtions are exatly the (pseudo-)Riemannian objets that
desend to be well dened objets on a onformal manifold. A signature (p, q)
onformal struture [g] on a manifold M , of dimension n ≥ 3, is an equivalene
lass of metris where ĝ ∼ g if ĝ = e2Υg for some Υ ∈ E . A onformal struture
is equivalent to a ray subbundle Q of S2T ∗M ; points of Q are pairs (gx, x) where
x ∈ M and gx is a metri at x, eah setion of Q gives a metri g on M and the
metris from dierent setions agree up to multipliation by a positive funtion.
The bundle Q is a prinipal bundle with group R+, and we denote by E [w] the
vetor bundle indued from the representation of R+ on R given by t 7→ t−w/2.
Setions of E [w] are alled a onformal densities of weight w and may be identied
with funtions on Q that are homogeneous of degree w, i.e., f(s2gx, x) = swf(gx, x)
for any s ∈ R+. We will often use the same notation E [w] for the spae of setions
of the bundle. Note that for eah hoie of a metri g (i.e., setion of Q, whih
we term a hoie of onformal sale), we may identify a setion f ∈ E [w] with
a funtion fg on M by fg(x) = f(gx, x). This funtion is onformally ovariant
of weight w in the sense of Setion 2, sine if ĝ = e2Υg, for some Υ ∈ E , then
fĝ(x) = f(e
2Υxgx, x) = e
wΥxf(gx, x) = e
wΥxfg(x). Conversely onformally ovari-
ant funtions determine homogeneous setions of Q and so densities. In partiular,
E [0] is anonially identied with E .
Note that there is a tautologial funtion g on Q taking values in S2T ∗M . It
is the funtion whih assigns to the point (gx, x) ∈ Q the metri gx at x. This is
homogeneous of degree 2 sine g(s2gx, x) = s
2gx. If ξ is any positive funtion on
Q homogeneous of degree −2 then ξg is independent of the ation of R+ on the
bres of Q, and so ξg desends to give a metri from the onformal lass. Thus g
determines and is equivalent to a anonial setion of Eab[2] (alled the onformal
metri) that we also denote g (or gab). This in turn determines a anonial setion
gab (or g−1) of Eab[−2] with the property that gabgbc = δca (where δac is kroneker
delta, i.e., the setion of Eca orresponding to the identity endomorphism of the the
tangent bundle). In this setion the onformal metri (and its inverse gab) will be
used to raise and lower indies. This enables us to work with density valued objets.
Conformally ovariant tensors as in setion 2 orrespond one-one with onformally
invariant density valued tensors. Eah non-vanishing setion σ of E [1] determines
a metri gσ from the onformal lass by
(3.1) gσ := σ−2g.
Conversely if g ∈ [g] then there is an up-to-sign unique σ ∈ E [1] whih solves
g = σ−2g, and so σ is termed a hoie of onformal sale. Given a hoie of
onformal sale, we write ∇a for the orresponding Levi-Civita onnetion. For
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Y A ZAc XA
YA 0 0 1
ZAb 0 δb
c 0
XA 1 0 0
Figure 1. Trator inner produt
eah hoie of metri there is also a anonial onnetion on E [w] determined by
the identiation of E [w] with E , as desribed above, and the exterior derivative
on funtions. We will also all this the Levi-Civita onnetion and thus for tensors
with weight, e.g. va ∈ Ea[w], there is a onnetion given by the Leibniz rule. With
these onventions the Laplaian ∆ is given by ∆ = gab∇a∇b = ∇b∇b .
We next dene the standard trator bundle over (M, [g]). It is a vetor bundle
of rank n+2 dened, for eah g ∈ [g], by [EA]g = E [1]⊕Ea[1]⊕E [−1]. If ĝ = e2Υg,
we identify (α, µa, τ) ∈ [EA]g with (α̂, µ̂a, τ̂) ∈ [EA]ĝ by the transformation
(3.2)

 α̂µ̂a
τ̂

 =

 1 0 0Υa δab 0
− 12ΥcΥc −Υb 1



αµb
τ

 .
It is straightforward to verify that these identiations are onsistent upon hang-
ing to a third metri from the onformal lass, and so taking the quotient by this
equivalene relation denes the standard trator bundle EA over the onformal man-
ifold. (Alternatively the standard trator bundle may be onstruted as a anonial
quotient of a ertain 2-jet bundle or as an assoiated bundle to the normal on-
formal Cartan bundle [6℄.) The bundle EA admits an invariant metri hAB of
signature (p+ 1, q + 1) and an invariant onnetion, whih we shall also denote by
∇a, preserving hAB. In a onformal sale g, these are given by
hAB =

0 0 10 gab 0
1 0 0


and ∇a

αµb
τ

 =

 ∇aα− µa∇aµb + gabτ + Pabα
∇aτ − Pabµb

 .
It is readily veried that both of these are onformally well-dened, i.e., independent
of the hoie of a metri g ∈ [g]. Note that hAB denes a setion of EAB = EA⊗EB,
where EA is the dual bundle of EA. Hene we may use hAB and its inverse hAB to
raise or lower indies of EA, EA and their tensor produts.
In omputations, it is often useful to introdue the `projetors' from EA to the
omponents E [1], Ea[1] and E [−1] whih are determined by a hoie of sale. They
are respetively denoted by XA ∈ EA[1], ZAa ∈ EAa[1] and YA ∈ EA[−1], where
EAa[w] = EA ⊗ Ea ⊗ E [w], et. Using the metris hAB and gab to raise indies, we
dene XA, ZAa, Y A. Then we immediately see that
YAX
A = 1, ZAbZ
A
c = gbc
and that all other quadrati ombinations that ontrat the trator index vanish.
This is summarised in Figure 1.
It is lear from (3.2) that the rst omponent α is independent of the hoie of a
representative g and hene XA is onformally invariant. For ZAa and Y A, we have
the transformation laws:
(3.3) ẐAa = ZAa +ΥaXA, Ŷ A = Y A −ΥaZAa − 1
2
ΥaΥ
aXA.
OBSTRUCTIONS TO CONFORMALLY EINSTEIN METRICS IN n DIMENSIONS 17
Given a hoie of onformal sale we have the orresponding Levi-Civita on-
netion on tensor and density bundles. In this setting we an use the oupled
Levi-Civita trator onnetion to at on setions of the tensor produt of a tensor
bundle with a trator bundle. This is dened by the Leibniz rule in the usual
way. For example if ubV Cα ∈ Eb ⊗ EC ⊗ E [w] =: EbC [w] then ∇aubV Cα =
(∇aub)V Cα + ub(∇aV C)α + ubV C∇aα. Here ∇ means the Levi-Civita onne-
tion on ub ∈ Eb and α ∈ E [w], while it denotes the trator onnetion on V C ∈ EC .
In partiular with this onvention we have
(3.4) ∇aXA = ZAa, ∇aZAb = −PabXA − YAgab, ∇aYA = PabZAb.
Note that if V is a setion of EA1···Aℓ [w], then the oupled Levi-Civita trator
onnetion on V is not onformally invariant but transforms just as the Levi-Civita
onnetion transforms on densities of the same weight: ∇̂aV = ∇aV + wΥaV .
Given a hoie of onformal sale, the trator-D operator
DA : EB···E [w]→ EAB···E [w − 1]
is dened by
(3.5) DAV := (n+ 2w − 2)wYAV + (n+ 2w − 2)ZAa∇aV −XAV,
where V := ∆V +wPb
bV . This also turns out to be onformally invariant as an
be heked diretly using the formulae above (or alternatively there are onformally
invariant onstrutions of D, see e.g. [13℄).
The urvature Ω of the trator onnetion is dened by
(3.6) [∇a,∇b]V C = ΩabCEV E
for V C ∈ EC . Using (3.4) and the usual formulae for the urvature of the Levi-
Civita onnetion we alulate (f. [2℄)
(3.7) ΩabCE = ZC
cZE
eCabce − 2X[CZE]eAeab
From the trator urvature we obtain a related higher order onformally invariant
urvature quantity by the formula (f. [13, 14℄)
WBC
E
F :=
3
n− 2D
AX[AΩBC]
E
F .
It is straightforward to verify that this an be re-expressed as follows,
(3.8) WABCE = (n− 4)ZAaZBbΩabCE − 2X[AZBb]∇pΩpbCE .
This trator eld has an important relationship to the ambient metri of Feerman
and Graham. For a onformal manifold of signature (p, q) the ambient manifold [11℄
is a signature (p + 1, q + 1) pseudo-Riemannian manifold with Q as an embedded
submanifold. Suitably homogeneous tensor elds on the ambient manifold upon
restrition to Q determine trator elds on the underlying onformal manifold [8℄.
In partiular, in dimensions other than 4, WABCD is the trator eld equivalent to
(n− 4)R|Q where R is the urvature of the Feerman-Graham ambient metri.
3.2. Conformally Einstein manifolds. Reall that we say a Riemannian or
pseudo-Riemannian metri g is onformally Einstein if there is a sale Υ suh that
the Rii tensor, or equivalently the Shouten tensor, is pure trae. Thus we say
that a onformal struture [g] is onformally Einstein if there is a metri ĝ in the
onformal lass (i.e. ĝ ∈ [g]) suh that the Shouten tensor for ĝ is pure trae. We
show here that a onformal manifold (M, [g]) is onformally Einstein if and only if
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it admits a parallel standard trator IA whih also satisfy the ondition that XAI
A
is nowhere vanishing. Note that in a sense the main ondition is that I is parallel
sine XAI
A 6= 0 is an open ondition. In more detail we have the following result.
Theorem 3.1. On a onformal manifold (M, [g]) there is a 1-1 orrespondene
between onformal sales σ ∈ E [1], suh that gσ = σ−2g is Einstein, and parallel
standard trators I with the property that XAI
A
is nowhere vanishing. The mapping
from Einstein sales to parallel trators is given by σ 7→ 1nDAσ while the inverse is
IA 7→ XAIA.
Proof: Suppose that (M, [g]) admits a parallel standard trator IA suh that σ :=
XAI
A
is nowhere vanishing. Sine σ ∈ E [1] and is non-vanishing it is a onformal
sale. Let g be the metri from the onformal lass determined by σ, that is
g = gσ = σ−2g as in (3.1). In terms of the trator bundle splitting determined by
this metri IA is given by some triple with σ as the leading entry, [IA]g = (σ, µa, τ).
From the formula for the invariant onnetion we have
(3.9) 0 = [∇aIB]g =

 ∇aσ − µa∇aµb + gabτ + Pabσ
∇aτ − Pabµb

 .
Thus µa = ∇aσ, but ∇aσ = 0 by the denition of ∇ in the sale σ. Thus µa
vanishes, and the seond tensor equation from (3.9) simplies to
Pabσ = −gabτ,
showing that the metri g is Einstein. Note that traing the display gives τ = − 1nJσ.
To prove the onverse let us now suppose that σ is a onformal sale so that
g = σ−2g is an Einstein metri. That is, for this metri g, Pab is pure trae. Let us
work in this onformal sale. Then we have Pab =
1
ngabJ. Thus ∇aPab = (1/n)∇bJ.
On the other hand omparing this to the ontrated Bianhi identity ∇aPab = ∇bJ
we have that ∇aJ = 0. Now, we dene a trator eld IA by IA := 1nDAσ. Then
[I]gσ := (σ, 0,− 1nJσ). Consider the trator onnetion on this. We have
[∇aIB]g =


∇aσ
− 1ngabJσ + Pabσ
− 1n (σ∇aJ+ J∇aσ)

 .
One again, by the denition of the Levi-Civita onnetion ∇ as determined by the
sale σ, we have ∇σ = 0. Sine Pab = 1ngabJ the seond entry also vanishes. The
last omponent also vanishes from ∇J = 0 and ∇σ = 0. So I is a parallel standard
trator satisfying XAI
A = σ 6= 0. 
Remarks:
• Note that h(I, I) is a onformal invariant of density weight 0. In fat from
the formulae above, in the Einstein sale, h(I, I) = − 2nσ2J. Reall that in
this setion J = gabPab and so has density weight −2 and
σ2J = σ2gabPab = g
ab
Pab.
That is −n2h(I, I) is the trae of Shouten tensor using the metri deter-
mined by σ. Sine ∇ preserves the trator metri and I is parallel we
reover the (well known) result that Pab (and its trae) is onstant for
Einstein metris.
OBSTRUCTIONS TO CONFORMALLY EINSTEIN METRICS IN n DIMENSIONS 19
• Suppose we drop the ondition σ := XAIa 6= 0. If IA is parallel then from
(3.9) it follows that µa = ∇aσ. Furthermore traing the middle entry on
the right-hand-side of (3.9) implies that τ = − 1nσ. Thus if ∇aIB = 0 at
p ∈ M then at p we have IB = 1nDBσ. So for parallel IA, XAIA vanishes
on a neighbourhood if and only if IA vanishes on the same neighbourhood.
If IA is non-zero then XAI
A
may vanish on submanifolds of dimension at
most n − 1. The points of these submanifolds are onformal singularities
for the metri g = σ−2g.
• On dimension 4 spin manifolds it is straightforward to show that the stan-
dard trator bundle is isomorphi to the seond exterior power of Penrose's
[26℄ loal twistor bundle. Under this isomorphism I may be identied with
the innity twistor (dened for spaetimes). The relationship to onformal
Einstein manifolds is well known [21, 12℄ in that setting.
• We should also point out that the theorem above an alternatively be de-
dued, via some elementary arguments but without any alulation, from
the onstrution of the trator onnetion as in [2℄.
Next we make some elementary observations onerning parallel trators.
Lemma 3.2. On a onformal manifold let N be a parallel setion of the standard
trator bundle T. Then:
Ωbc
D
EN
E = 0 and WBCDEN
E = 0
Proof: By assumption we have ∇aND = 0. Thus ΩbcDENE = [∇b,∇c]ND = 0
and the rst result is established.
Next WA1A2
D
EN
E = 3n−2 (D
A0XA0ZA1
bZA2
cΩbc
D
E)N
E
, where, as usual, se-
quentially labelled indies e.g. A0, A1, A2 are impliitly skewed over. Now the
quantity XA0ZA1
bZA2
cΩbc
D
E has (density) weight −1, so from the formula (3.5)
for D, we have
(DA0XA0ZA1
bZA2
cΩbc
D
E)N
E =
(4− n)Y A0XA0ZA1 bZA2cΩbcDENE
+(n− 4)(ZA0a∇aXA0ZA1bZA2cΩbcDE)NE
−(XA0∆XA0ZA1bZA2cΩbcDE)NE
+JXA0XA0ZA1
bZA2
cΩbc
D
EN
E ,
where ∇ and ∆ at on everything to their right within the parentheses. The rst
and last terms on the right-hand-side vanish from the previous result. (In fat for
last term we ould also use that XA0XA0ZA1
bZA2
c = 0.) Next observe that, sine
∇N = 0, we have
(ZA0a∇aXA0ZA1bZA2cΩbcDE)NE = ZA0a∇a(XA0ZA1bZA2cΩbcDENE) = 0
where we have again used the earlier result, Ωbc
D
EN
E = 0. Similarly
(XA0∆XA0ZA1
bZA2
cΩbc
D
E)N
E = XA0∆(XA0ZA1
bZA2
cΩbc
D
EN
E) = 0.

From the Lemma it follows immediately that on onformally Einstein manifolds
the parallel trator I, of Theorem 3.1, satises Ωbc
D
EI
E = 0 and WBCDEI
E = 0.
In general the onverse is also true. More aurately we have the result given in
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the following theorem. Before we state that, note that sine the Weyl urvature
is onformally invariant it follows that the equations (2.15), (2.16) and (2.17) are
onformally invariant. Thus if any metri from a onformal lass is generi then
all metris from the lass are generi and we will desribe the onformal lass as
generi.
Theorem 3.3. A generi onformal manifold of dimension n 6= 4 is onformally
Einstein if and only if there exists a trator eld IA ∈ EA suh that XAIA 6= 0 and
WBCDEI
E = 0.
A generi onformal manifold of dimension n = 4 is onformally Einstein if and
only if there exists a trator eld IA ∈ EA suh that XAIA 6= 0,
Ωbc
D
EI
E = 0 and WBCDEI
E = 0.
Proof: We have shown that on a onformally Einstein manifold there is a (parallel)
standard trator eld satisfying
(i) XAI
A 6= 0,
(ii) Ωbc
D
EI
E = 0,
(iii) WBCDEI
E = 0 .
It remains to prove the relevant onverse statements. First we observe that given
(i), (ii) is exatly the onformal C-spae equation. From above we have that
ΩabCE = ZC
cZE
eCabce −XCZEeAeab +XEZCeAeab
A general trator IA ∈ EA may be expanded to
IE = Y Eσ + ZEdµd +X
Eτ,
where σ = XAI
A
and we assume this is non-vanishing. Hene
(3.10) ΩabCEI
E = σZC
cAcab + ZC
cµdCabcd −XCµdAdab.
Setting this to zero, as required by (ii), implies that the oeient of ZC
c
must
vanish, i.e., σAcab + µ
dCabcd = 0, or
(3.11) Acab +K
dCdcab = 0, K
d := −σ−1µd,
whih is exatly the onformal C-spae equation [C℄ as in theorem 2.2. Contrating
this with µc (or Kc) annihilates the seond term and so
µdAdab = 0,
whene the oeient of XC in (3.10) vanishes as a onsequene of the earlier
equation and it is shown that (with (i)) ΩabCEI
E = 0 is exatly the onformal
C-spae equation.
Now reall
WBCDE = (n− 4)ZBbZCcΩbcDE − 2X[BZC]c∇aΩacDE,
and so, in dimensions other 4, WBCDEI
E = 0 implies ΩbcDEI
E = 0 (and hene
the onformal C-spae equation). From the display we see that WBCDEI
E = 0
also implies that IE∇aΩacDE = 0 or equivalently σ−1IE∇aΩacDE = 0. One again
using the formulae for the trator onnetion we obtain
(3.12) ∇aΩacDE = (n− 4)ZDdZEeAcde −XDZEeBec +XEZDeBec
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where Bec is the Bah tensor. Hene σ
−1IE∇aΩacDE = 0 expands to
−(n− 4)ZDdKeAcde +XDKeBec + ZDdBdc = 0.
From the oeient of ZD
d
we have
Bdc − (n− 4)KeAcde = 0
whih, with the onformal C-spae equation (and sine B is symmetri), gives
(3.13) Bcd + (n− 4)KeKaCacde = 0
whih is exatly the seond equation [B℄ of Theorem 1. If this holds then it follows at
one that KcBcb = 0 and so in the expansion of σ
−1IE∇aΩacDE = 0 the oeient
of XD vanishes without further restrition. Thus we have shown that in dimensions
other than 4 the single onformally invariant trator equation WBCDEI
E = 0 is
equivalent to the two equations [C℄ and [B℄. In dimension 4 it is lear from (3.8)
that WBCDEI
E = 0 is equivalent to IE∇aΩacDE = 0 and this with IEΩacDE = 0
gives the pair of equations [B℄,[C℄. In either ase then the theorem here now follows
immediately from Theorem 2.2. 
Remarks:
• Note that onditions (i), (ii) and (iii), as in the theorem, do not imply that
I is parallel. On the other hand the theorem shows that if there exists a
standard trator I satisfying these onditions then (on generi manifolds)
also there exists a parallel standard trator I′ satisfying these onditions.
Calulating in an Einstein sale, it follows from the onformal C-spae
equation that one has ZA
aIA = ZA
aIA = 0. Hene that I′ = fI + ρX for
some setion ρ of E [−1] and non-vanishing funtion f .
• Reall that in Setion 3.1 we pointed out that in dimensions other than
4, WABCD is the trator eld equivalent [8℄ to (n − 4)R|Q where R is
the urvature of the Feerman-Graham ambient metri. Thus, in these
dimensions, the ondition WABCDI
D = 0 is equivalent to the existene of
a suitably homogeneous and generi ambient tangent vetor eld along Q
in the ambient manifold whih annihilates the ambient urvature.
• We had already observed in setion 2.5 that Aabc+KdCdabc is onformally
invariant if we assume that Kd has the onformal transformation law K̂a =
Ka−Υa (where ĝ = e2Υg). From the proof above we see this transformation
formula ts naturally into the trator piture and arises from (3.2) sine Ka
is a density multiple of the middle omponent of a trator eld aording
to (3.11).
3.3. Sharp obstrutions via trators. Theorem 3.3 gives a simple interpreta-
tion of Theorem 2.2 in terms of trator bundles. In the proof of this above, this
onnetion was made by reovering the familiar tensor equations from setion 2.
Here we rst observe that entire derivation of Theorem 2.2 and its proof redues
to a few key lines if we work in the trator piture. This then leads to a stronger
theorem as below.
We summarise the bakground rst. From Theorem (3.1) we know that the
existene of a onformal Einstein struture is equivalent to the existene of a parallel
trator I (at points where XAI
A 6= 0). This immediately implies that the trator
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urvature ΩabCD satises
IDΩabCD = 0 [C˜℄
ID∇aΩabCD = 0 [B˜℄.
We have labelled these [C˜℄ and [B˜℄ sine (as shown in the proof above) the rst equa-
tion is equivalent to the earlier [C℄ and, given this, the seond equation is equivalent
to the earlier equation [B℄. The onformal invariane of the system [C], [B] is now
immediate in all dimensions from the observation that the onformal transformation
of ∇aΩabCD is
(3.14)
̂∇aΩabCD = ∇aΩabCD + (n− 4)ΥaΩabCD,
and whene the onformal transformation of the left-hand-side of equation [B˜℄ is
̂ID∇aΩabCD = ID∇aΩabCD + (n− 4)ΥaIDΩabCD,
where ĝ = e2Υg; from this it is immediate that [B˜℄ is invariant on metris that solve
[C˜℄. We should point out that in dimension 4 it follows immediately from (3.12)
that ID∇aΩabCD = 0⇔ ∇aΩabCD = 0⇔ Bab = 0.
Now we are interested in the onverse. We will show that if the displayed equa-
tions [C˜℄ and [B˜℄ hold for some trator I satisfying XAI
A 6= 0 then the struture is
onformally Einstein. Here is an alternative proof of Theorem 3.3 (and hene an
alternative proof of Theorem 2.2). Equation [C˜℄ implies that ∇a1(Ωa2a3CDID) = 0,
where as usual sequentially labelled indies are skewed over. From the Bianhi
identity for the trator urvature, ∇a1Ωa2a3CD = 0, it follows that
(3.15) Ωa2a3CD∇a1ID = 0.
Now equation [C˜℄ implies [C℄, viz. Acab + K
dCdcab = 0. As we saw earlier this
(using that the metri is Λ2-generi) implies that Ka is a gradient and that there is
a onformal sale suh that the Cotton tensor Acab vanishes. In this speial C-spae
sale (see Setion 2.5) it is lear that Ka is also zero and (3.15) simplies (using
(3.9) and (3.7)) to Pa1
dCa2a3cdZC
c = 0 or equivalently
(3.16) C∗b1···bn−2cdP
b1d = 0.
Note that if C∗ is suitably generi this already implies that the metri that gives
the speial C-spae sale is Einstein.
Using only the weaker assumption that the manifold is generi in the sense of
setion 2.4 we must also use [B˜℄. The argument is similar to the above. Equation
[C˜℄ implies ∇a(IDΩabCD) = 0. Thus using [B˜℄ we have
(∇aID)ΩabCD = 0.
In the speial C-spae sale this expands to P
adCabcdZC
c = 0, whih is equivalent
to
(3.17) P
adCabcd = 0.
Clearly equations (3.17) and (3.16) imply that P is pure trae on generi mani-
folds and so the theorem is proved. In fat these equations (3.17) and (3.16) are
respetively equations (2.21) and (2.22) both written in the C-spae sale.
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The onstrution of the system [B˜℄ and [C˜℄ immediately suggests alternative
systems. In partiular we have the following results whih only requires the manifold
to be weakly generi.
Theorem 3.4. A weakly generi onformal manifold is onformally Einstein if and
only if there exists a non-vanishing trator eld IA ∈ EA suh that
IEΩbcDE = 0 [C˜℄
IE∇aΩbcDE = 0 [D˜℄.
The system [C˜℄, [D˜℄ is onformally invariant.
Proof: Note that from (2.9), and the invariane of the trator onnetion, we have
̂IE∇aΩbcDE = IE∇aΩbcDE − 2ΥaIEΩbcDE −ΥbIEΩacDE −ΥcIEΩbaDE
+gabΥ
kIEΩkcDE + gacΥ
kIEΩbkDE ,
where ĝ = e2Υg, and so [D˜℄ is onformally invariant if the onformally invariant
equation [C˜℄ is satised; the system [C˜℄, [D˜℄ is onformally invariant.
If the manifold is onformally Einstein then there is a parallel trator IE . We
have observed earlier that this satises [C˜℄. Dierentiating [C˜℄ and then using one
again that IE is parallel shows that [D˜℄ is satised.
Now we assume that [C˜℄ and [D˜℄ hold. If IE = Y Eσ + ZEdµd + X
Eτ, then
ΩabCEI
E
is given by (3.10). Suppose thatXAI
A = σ = 0. Then from (3.10) we have
µdCabcd = 0 (and µ
dAdab = 0) and so, sine the onformal lass is weakly generi,
µd = 0. Thus IE = τXE and [D˜℄ beomes XE∇aΩbcDE = 0. But, ∇aXE = ZEa
and from (3.7) XEΩbcDE = 0, and so ZD
dCbcda −XDAabc = ZEaΩbcDE = 0. But
this means Cbcda = 0 whih ontradits the assumption that the onformal lass is
weakly generi. So XAI
A 6= 0.
Now, dierentiating [C˜℄ and then using [D˜℄ we obtain
ΩbcDE∇aIE = 0.
But, sine the manifold is weakly generi, ΩbcDE must have rank at least n as a
map ΩbcDE : EbcD → EE . Also, from (3.7) and [C˜℄, XE and IE are orthogonal to
the range. So the display implies that
∇aIE = αaIE + βaXE,
for some 1-forms αa and βa. (An alternative explanation is to note, as earlier, that
if UE is not a multiple of XE and ΩbcDEU
E = 0 then from (3.7) it follows that
UE determines a non-trivial solution of the equation [C℄. Sine IE also determines
suh a solution it follows at one from Proposition 2.4 that UE = αI + βXE .)
Dierentiating again and alternating we obtain
Ωba
E
DI
D = 2IE∇[bαa] + 2α[aαb]IE + 2α[aβb]XE + 2XE∇[bβa] + 2β[aZEb].
The left-hand-side vanishes by assumption and of ourse α[aαb]I
E = 0. Contrating
XE into the remaining terms brings us to
0 = 2σ∇[aαb]
and so α is losed. Loally then αa = ∇af for some funtion f and so I˜E := e−f IE
satises
(3.18) ∇aI˜E = β˜aXE
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for some 1-form β˜a. Expanding I˜
E
: I˜E = Y E σ˜+ZEdµ˜d+X
E τ˜ we have 0 6= XE I˜e =
σ˜ and, from (3.18), the equations
∇aσ˜ − µ˜a = 0
∇aµ˜b + gabτ˜ + Pabσ˜ = 0
f. (3.9). So for the metri g := σ˜−2g we have µ˜a = ∇aσ˜ = 0 and Pab+gabτ˜/σ˜ = 0.
That is the metri g is Einstein (and 1nDAσ˜ is parallel). 
We have the following onsequene of the theorem above.
Corollary 3.5. A weakly generi pseudo-Riemannian or Riemannian metri g on
an n-manifold is onformally Einstein if and only if the natural invariants
ΩabKD1 · · ·ΩcdLDs∇eΩfgPDs+1 · · · ∇hΩkℓQDn+2 ,
for s = 0, 1, · · · , n+1, all vanish. Here the sequentially labelled indies D1, · · · , Dn+2
are ompletely skewed over.
Proof: The Theorem an learly be rephrased to state that g is onformally Ein-
stein if and only if the map
(3.19) (ΩbcDE ,∇aΩbcDE) : EbcD ⊕ EabcD → EE
given by
(V bcD,W abcD) 7→ V bcDΩbcDE +W abcD∇aΩbcDE
fails to have maximal rank. But by elementary linear algebra this happens if and
only if the indued alternating multi-linear map to Λn+2(EE) vanishes. This is
equivalent to the laim in the Corollary, sine for any metri the trator urvature
satises ΩbcDEX
E = 0. 
If M is oriented (whih loally we an assume with no loss of generality) then it
is straightforward to show that there is a anonial skew (n+ 2)-trator onsistent
with the trator metri and the orientation. Let us denote this by ǫC1···Cn+2. Using
this, we ould equally rephrase the Corollary in terms of the invariants
ǫD1D2···DsDs+1···Dn+1Dn+2ΩabKD1 · · ·ΩcdLDs∇eΩfgPDs+1 · · ·∇hΩkℓQDn+2 ,
for s = 0, 1, · · · , n + 1. These all vanish if and only if the metri is onformally
Einstein.
The natural invariants in the Lemma are given by mixed tensor-trator elds,
rather pure tensors. However by expanding ΩabCD and ∇aΩbcDE using (3.7) and
(3.4) it is straightforward to obtain an equivalent set of tensorial obstrutions from
these. The system of obstrutions so obtained is rather unwieldy and ould be
awkward to apply in pratise. Nevertheless this gives a system of invariants, whih
works equally for all signatures.
As a nal remark in this setion we note that oming to Proposition 2.7 via the
trator piture is also very easy. If we want to test whether a sale σ ∈ E [1] is
an Einstein sale we dene IB :=
1
nDBσ as in Theorem 3.1 and onsider ∇aIB.
Calulating in terms of an arbitrary metri g from the onformal lass we get
∇aIB = ZBbσEab, modulo terms involving XB, where Eab = Trae-free(Pab −
∇aKb + KaKb) and Ka := −σ−1∇aσ. Sine σ an only be an Einstein sale if
Ωbc
D
EI
E = 0 we obtain the onformal C-spae equation forKa and we are led to the
onlusion that the Riemannian invariant of the proposition is onformally invariant
and also the onlusion that it must vanish on onformal Einstein manifolds.
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4. Examples
Here we shed light on the various notions of generi metris, mainly by way of
examples. First let us note that eah of these is an open ondition on the moduli
spae of possible urvatures. Thus in this sense almost all metris are generi
(and hene Λ2-generi and weakly generi). The many omponents of the Weyl
urvature Cabcd arise from a Λ
2
-generi metri unless they lie on the losed variety
determined by the one ondition ||C|| = 0 where, reall, ||C|| is the determinant of
the map (2.18). The metris whih fail to be weakly generi orrespond to a losed
subspae ontained in the ||C|| = 0 variety. In the Riemannian ase this subvariety
is given by ||L|| = 0, where reall ||L|| is the determinant of CacdeCbcde and we
show below that in dimension 4 the ontainment is proper.
Another aim in this nal setion is to establish the independene of the onditions
[C℄ and [B℄ from Setion 2.4. We assume that n ≥ 4 throughout this setion.
4.1. Simple n-dimensional Robinson-Trautman metris. LetQ be an (n−2)-
dimensional spae of onstant urvature κ and denote by xi, i = 1, 2, ..., n − 2,
standard stereographi oordinates on Q. We take M = R2 ×Q, with oordinates
(r, u, xi), where (r, u) are oordinates along the R2, and equip M with a sublass
of Robinson-Trautman [27℄ metris g by
(4.1) g = 2du [dr + h(r)du ] + r2
gijdx
idxj
(1 + κ4 gklx
kxl)2
.
Here gij = diag(ǫ1, ǫ2, ..., ǫn−2), ǫi = ±1, κ = 1, 0,−1 and h = h(r) is an arbitrary,
suiently smooth real funtion of variable r. In the following we desribe onfor-
mal properties of the metris (4.1).
To alulate the Weyl tensor we introdue the null-orthonormal oframe (θa) =
(θ+, θ−, θi) by
(4.2) θ+ = du, θ− = dr + hdu, θi = r
dxi
1 + κ4 gklx
kxl
.
In this oframe the metri takes the form g = gabθ
aθb where
(4.3) gab =


0 1
1 0
gij

 .
We lower and raise the indies by means of the matrix gab and its inverse g
ab
. The
Levi-Civita onnetion 1-forms
Γab = Γabcθ
c
are uniquely determined by
(4.4) dθa + Γab ∧ θb = 0 and dgab − Γab − Γba = 0.
Expliitly, we nd that, the onnetion 1-forms are
(4.5) Γij =
κ
2r
(xiθj − xjθi), Γ−j = −1
r
θj , Γ+j =
h
r
θj , Γ+− = h
′θ+,
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where h′ = dhdr . (Observe that, due to the onstany of the matrix elements of gab,
the matrix Γab is skew, Γab = −Γba.) The urvature 2-forms
Ωab =
1
2
Rabcdθ
c ∧ θd = dΓab + Γ ca ∧ Γcb
are
(4.6) Ωij =
κ+ 2h
r2
θi∧θj , Ω−j = h
′
r
θ+∧θj , Ω+j = h
′
r
θ−∧θj , Ω+− = h′′θ−∧θ+,
with the remaining omponents determined by symmetry. The non-vanishing om-
ponents of the Rii tensor
Rab = R
c
acb
and the Rii salar
R = gabRab
are
(4.7) Rij = [(n− 3)κ+ 2h
r2
+
2h′
r
]gij , R+− = (n− 2)h
′
r
+ h′′,
R = (n− 2)[(n− 3)κ+ 2h
r2
+
4h′
r
] + 2h′′.
From this we onlude that metris (4.1) are Einstein,
Rab = Λgab,
if and only if
(4.8) h(r) = −κ
2
+
m
rn−3
+
Λ
2(n− 1)r
2,
where m and Λ are onstants. These metris form the well known n-dimensional
Shwarzshild-(anti-)de Sitter 2-parameter lass in whih m is interpreted as the
mass and Λ as the osmologial onstant. (The spae is termed de Sitter if Λ > 0
and anti-de Sitter is Λ < 0.) Thus, we have the following Proposition.
Proposition 4.1.
The only Einstein metris among the Robinson-Trautman metris
g = 2du [dr + h(r)du ] + r2
gijdx
idxj
(1 + κ4 gklx
kxl)2
are the Shwarzshild-(anti-)de Sitter metris, for whih
h(r) = −κ
2
+
m
rn−3
+
Λ
2(n− 1)r
2.
The Weyl tensor of metris (4.1) has the following non-vanishing omponents:
(4.9) Cijkl = 2Ψ(gkigjl−gkjgil), C−i+k = (3−n)Ψgik, C+−+− = (3−n)(n−2)Ψ,
where
Ψ =
1
(n− 1)(n− 2) [
κ+ 2h
r2
− 2h
′
r
+ h′′ ],
and the further non-vanishing omponents determined from these by the Weyl
symmetries. Now, we onsider the equation
(4.10) CabcdF
cd = 0
for the antisymmetri tensor Fab. We easily nd that
CijabF
ab = 4ΨFij , Ci+abF
ab = (3− n)ΨgikF k−,
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Ci−abF
ab = (3− n)ΨgikF k+, C+−abF ab = 2(3− n)(n− 2)ΨF+−.
Thus, if Ψ 6= 0, the equation (4.10) has unique solution Fab = 0. We pass to the
equation
(4.11) CabcdH
bd = 0
for a symmetri and trae-free tensor Hab. In the null-orthonormal oframe (4.2)
the trae-free ondition reads
(4.12) H + 2H+− = 0, where H = g
ikHik.
Comparing this with
CibkdH
bd = 2Ψ [gik (H + (3− n)H−+) − Hik],
Cib−dH
bd = (n− 3)ΨgikH+k, Cib+dHbd = (n− 3)ΨgikH−k,
C−b−dH
bd = (n− 2)(n− 3)ΨH++, C+b+dHbd = (n− 2)(n− 3)ΨH−−
proves that the only solution of (4.11) is Hab = 0. Thus we have the following
proposition.
Proposition 4.2. If
Ψ =
1
(n− 1)(n− 2) [
κ+ 2h
r2
− 2h
′
r
+ h′′ ] 6= 0
the Robinson-Trautman metris
g = 2du [dr + h(r)du ] + r2
gijdx
idxj
(1 + κ4 gklx
kxl)2
are generi.
By a straightforward alulation we obtain the following proposition.
Proposition 4.3.
Eah Robinson-Trautman metri for whih Ψ 6= 0, satises the C-spae ondition
[C℄ with a vetor eld Ka given by
(4.13) Ka = ∇a log[ r
(1−n)
n−3 Ψ
1
3−n ].
From this and Propositions 2.4 and 4.2 it follows that the Robinson-Trautman
metris for whih Ψ 6= 0 are onformal to Einstein metris if and only if
Pab −∇aKb +KaKb − 1
n
(P −∇cKc +KcKc)gab = 0
with Ka given by (4.13). (Note that, by the uniqueness asserted in Proposition 2.4,
this is equivalent to requiring Eab = 0 with Eab as in Proposition 2.7.) Inserting
Rab and Ka into this equation one nds that the metri (4.1) is onformal to an
Einstein metri if and only if the funtion h = h(r) is given by
h(r) = −κ
2
+
m
rn−3
+
Λ
2(n− 1)r
2.
This means that among the onsidered Robinson-Trautman metris the only met-
ris whih are onformal to Einstein metris are those belonging to the 2-parameter
Shwarzshild-de Sitter family. So we have the following onlusions. The Robinson-
Trautman metris (4.1):
• are all generi,
• all satisfy C-spae ondition, [C℄
28 A. ROD GOVER AND PAWE NUROWSKI
• in general do not satisfy the Bah ondition [B℄.
In fat from the onformal invariane of the system [C℄,[B℄ (see Setion 3.2) and the
ondition of being generi, the same onlusions hold for all metris onformally
related to Robinson-Trautman metris.
This, when along with 4-dimensional examples of metris satisfying the Bah
onditions [B℄ and not being onformal to Einstein [1, 23℄, proves independene of
the two onditions [C℄ and [B℄.
4.2. n-dimensional pp-waves. We noted in Setion 2.5 that there are weakly
generi metris that fail to be Λ2-generi, and hene fail to be generi. Here we
observe that, there are onformally non-at metris that fail to be even weakly
generi.
We onsider the n-dimensional pp-wave metri
g = 2du [dr + h(xi, u)du] + gijdx
idxj ,
where gij is are the omponents of a onstant non-degenerate (n − 2) × (n − 2)
matrix. This, in the oframe
θ+ = du, θ− = dr + hdu, θi = dxi,
has urvature forms
Ωi+ = −h,ikθk ∧ θ+, Ωij = Ωi− = Ω+− = 0.
So the Rii salar vanishes, R = 0, and the only non-vanishing omponents of the
Rii and the Weyl tensors are
R++ = −2gijh,ij , Ci+j+ = 2
n− 2[gij g
klh,kl − (n− 2)h,ij],
apart from the omponents determined by these via symmetries. Thus, this metri
is Einstein if and only if the funtion h = h(xi, u) is harmoni in the xi variables,
gijh,ij = 0,
in whih ase it is also Rii at. Whether this is satised or not it is lear that
the vetor eld
(4.14) K = f∂r,
where f is any non-vanishing funtion, satises
(4.15) CabcdK
d = 0.
Thus, the pp-wave metri is not weakly generi. It is worth noting that if the
trae-free part of the matrix h,ij is invertible the vetor (4.14) is the most general
solution of equation (4.15). However, if it is not invertible, there are more vetors
K whih satisfy (4.15).
4.3. 4-dimensional hyperKähler Rii at metris. Another interesting lass
of metris that are weakly generi but not Λ2-generi or generi an be found
in the omplex setting. Consider a 4-dimensional non-at Riemannian metri,
whih is Rii at and whih admits three Kähler strutures I, J,K suh that they
satisfy quaternioni identities, e.g. IJ + JI = 0, K = IJ . We laim that all suh
manifolds are weakly generi, but not Λ2-generi [22℄. To see this, rst onsider the
Riemann tensor viewed as an endomorphism R(.) : Λ2T ∗M → Λ2T ∗M . Sine the
fundamental forms ωI , ωJ , ωK , assoiated with I, J,K, are eah parallel we have
R(ωI) = R(ωJ) = R(ωK) = 0. On the other hand from Rii atness we have
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R(.) = C(.), where C(.) is the Weyl tensor, also onsidered as and endomorphism
C(.) : Λ2T ∗M → Λ2T ∗M . Hene also C(ωI) = C(ωJ) = C(ωK) = 0, whih means
that the metri is not Λ2-generi.
On the other hand if there existed a vetor eld V suh that CabcdV
d = 0 then,
beause of the invariane property of C with respet of the strutures I, J,K also
Cabcd(IV )
d
, Cabcd(JV )
d
and Cabcd(KV )
d
would vanish. Sine on a hyperKähler
4-manifold a quadruple (V, IV, JV,KV ) assoiated with any non-vanishing vetor
V onstitutes a basis of vetors, at every point, we onlude that in suh a ase
Cabcd (and therefore the Riemann tensor) vanishes. Thus, if the manifold is not
at then we an onlude that the Weyl tensor admits only V = 0 as a solution to
CabcdV
d = 0.
Thus we have the following proposition
Proposition 4.4. Every non-at 4-dimensional Riemannian Rii at hyperKäh-
ler manifold is weakly generi but not Λ2-generi.
As a loal example of this type we onsider an open subset
U = {(z1, z2) ∈ C2 such that z1 + z¯1 − 2z2z¯2 > 0}
of C
2
equipped with the metri
g =
1√
z1 + z¯1 − 2z2z¯2
(dz1 − 2z¯2dz2)(dz¯1 − 2z2dz¯2) + 4
√
z1 + z¯1 − 2z2z¯2dz2dz¯2.
This metri is well known [24℄ to be Rii at and hyperKähler with the hyperKähler
struture given by
I =M ⊗ n+ M¯ ⊗ n¯−N ⊗m− N¯ ⊗ m¯
J = i(M¯ ⊗ n¯−M ⊗ n+ N¯ ⊗ m¯−N ⊗m)
K = i(M¯ ⊗ m¯−M ⊗m+N ⊗ n− N¯ ⊗ n¯),
where
M =
dz1 − 2z¯2dz2
(z1 + z¯1 − 2z2z¯2) 14
, N = 2(z1 + z¯1 − 2z2z¯2) 14 dz2,
and
m = (z1 + z¯1 − 2z2z¯2) 14 ∂1, n = ∂2 + 2z¯2∂1
2(z1 + z¯1 − 2z2z¯2) 14
.
Sine
|C|2 = 24
(z1 + z¯1 − 2z2z¯2)3 6= 0,
this metri is weakly generi. On the other hand, from our onsiderations above, it
is not Λ2-generi and has its Weyl tensor is annihilated by the three fundamental
Kähler forms
ωI =M ∧ N¯ + M¯ ∧N
ωJ = i(M¯ ∧N −M ∧ N¯)
ωK = i(M¯ ∧M +N ∧ N¯).
It is worth noting that this metri also admits almost Kähler non-Kähler struture
of opposite orientation than I, J,K [24℄.
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